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Starting point

Calculation of the thermal properties and noise in
nano-detectors

Pictures courtuasy to M. Leivo, A. Luukanen and J. P. Pekola

Al 7-lea nanoseminar de nanostiinta si nanotehnologie – p. 2/22



Amorphous materials

Zeller & Pohl, Phys. Rev. B4, 2029 (1971).
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The dynamic defects
It is assumed that the solid contains an ensemble of
two-level systems(TLS).

∆

Λ

The two-well potential of the TLS
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Properties of the TLSs
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∆
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Eigenvalues and probability dis-
tribution of TLSs
Diagonalization:

H ′
TLS = OTHTLSO =

ǫ

2
σz =

1

2





ǫ 0

0 −ǫ





Probability distribution:

P (∆,Λ) = P0/Λ, P (ǫ, u) =
P0

u
√

1 − u2

Notations:

ǫ =
√

∆2 + Λ2, u =
∆

ǫ
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Phonon-TLS interaction

Interaction : H1 =
δ

2
σz ≡

1

2





δ 0

0 −δ





H ′
1 ≡ OTH1O =

δ

2ǫ





∆ −Λ

−Λ −∆





δ = 2γijSij, Sij =
1

2
(∂iuj + ∂jui)

TLS-phonon interaction in bulk:

δσ = 2Nσγσkσ, σ = t, l, Nσ = phonon normalization
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Transition rates and physical re-
sults

〈nkσ + 1, ↓ |H ′
1|nkσ ↑〉 = −
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Λ2ǫ

2πρ~4
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General phonon-TLS interac-
tion
In general,

δ = 2γijSij ≡ 2[γ] : [S]

[S] is a symmetric tensor
⇓
[γ] is a symmetrictensor, so that
δ is ascalar
[γ] characterises the TLS, so we have to build its
components fromgeneral physical characteristics of
the TLS.
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Phonon-TLS interaction tensor
We associate a direction̂t to the TLS:

t̂ ≡





t1
t2
t3





and we build the simplest symmetric tensor,

[T ] =





t2x txty txtz
txty t2y tytz
txtz tytz t2x



 ≡ t̂ · t̂T ,
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Abbreviated subscript notations
We switch to abbreviated subscript notations and write

S ≡ (Sxx, Syy, Szz, 2Syz, 2Szx, 2Sxy)
T

T ≡ (Txx, Tyy, Tzz, 2Tyz, 2Tzx, 2Txy)
T

A general interaction tensor would have the form

γ ≡ [R]T · T

So, finally,
δ = 2TT · [R] · S.
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Properties of γ

δ = 2TT · [R] · S is a scalar,
so the properties of[R] can be determined from the
invariance ofδ to a variety of coordinates
transformations.

S
′ ≡ [N ]S, T

′ = [N ]T ⇒ [N ]T · [R] · [N ] = [R] .

Similar to the tensor of elastic constants, where

u =
1

2
S

T [c]S ⇒ [N ]T · [c] · [N ] = [c]
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Interaction in an isotropic
medium
If the medium is isotropic, then

[R] =



























ζ ′ + 2ξ′ ζ ′ ζ ′ 0 0 0

ζ ′ ζ ′ + 2ξ′ ζ ′ 0 0 0

ζ ′ ζ ′ ζ ′ + 2ξ′ 0 0 0

0 0 0 ξ′ 0 0

0 0 0 0 ξ′ 0

0 0 0 0 0 ξ′



























≡ γ̃ · [r]

where we defined with̃γ ≡ ζ ′ + 2ξ′ and we shall use
the notationsζ ≡ ζ ′/γ̃ andξ ≡ ξ′/γ̃.
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Interaction Hamiltonian
Introducing the excitation and de-excitation operators for the TLS,

a† =





0 1

0 0



 , a =





0 0

1 0



 .

we write the interaction hamiltonian in the second quantization as

H̃1 =
γ̃∆

ǫ
T

T · [r] ·
∑

µ

[

Sµbµ + S
⋆
µb†µ

]

(2a†a − 1)

− γ̃Λ

ǫ
T

T · [r] ·
∑

µ

[

Sµbµ + S
⋆
µb†µ

]

(a† + a)

Al 7-lea nanoseminar de nanostiinta si nanotehnologie – p. 14/22



Results:

〈nkσ, ↑ |H̃1|nkσ + 1, ↓〉 = − γ̃Λ

ǫ

√

~nkσ

2V ρωkσ
T

T · [r] · Skσ

We take the modulus square and average overt̂ to get:

Γ|nkσ,↑〉,|nkσ+1,↓〉 = Cσγ̃2 nkσπk

ρcσ
· Λ2

ǫ2
δ(~ωkσ − ǫ)

Γ|nkσ+1,↑〉,|nkσ,↓〉 = Cσγ̃2 (nkσ + 1)πk

V ρcσ
· Λ2

ǫ2
δ(~ωkσ − ǫ)

with Clγ̃
2 = γl andCtγ̃

2 = γt where

Cl =
2

30
(15 − 40ξ + 32ξ2), Ct =

8

30
ξ2

Note: Cl/Ct ≥ 4/3 for any ξ, in agreement with experiment.
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Calculation of the parameters
From experiment (J. L. Black, Phys. Rev. B,17, 2704, 1978):

1. P0γ
2
l = 1.4 × 10−5 J/m3, P0γ

2
t = 0.63 × 10−5 J/m3,

2. P0γ
2
l = 2.0 × 10−5 J/m3, P0γ

2
t = 0.89 × 10−5 J/m3

⇓
Both sets, almost the same solutions:

ξ1 ≈ 1.2, ζ1 ≈ −1.4

ξ2 ≈ 0.55, ζ2 ≈ −0.1
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Scattering of waves
A longitudinal wave propagating along thex direction:

S = (S, 0, 0, 0, 0, 0)T

γ = 2γ̃[t2x + ζ(t2y + t2z)]S

is scattered byanyTLS.

A transversal wave ofS = (0, 0, 0, S, 0, 0)T

γ = 4γ̃tytzS

is not scattered by TLSs perpendicular to the propagation direction or

to the polarization direction.
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Polarization of the TLS ensem-
ble

If we apply a longitudinal strain along thex direction,

S = (S, 0, 0, 0, 0, 0)T , this will change the asymetry of the TLS

potential by

γ = 2γ̃[t2x + ζ(t2y + t2z)]S,

So the change of∆, and therefore ofǫ, of the TLS oriented along
the strain direction might have an opposite sign as comparedto
the quantities corresponding to the TLSs perpendicular to the
strain direction.
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TLS-phonon interaction in
membranes

〈nkσ, ↑ |H̃1|nkσ + 1, ↓〉 = − γ̃Λ

ǫ

√

~nkσ

2ρωkσ
T

T · [r] · Skσ

Notation:Mµ(t̂) = T
T · [r] · Sµ.

τ−1
ǫ =

π

ρ

γ̃2Λ2

ǫ2
coth(βǫ/2)

∑

µ

1

ωµ
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τ−1
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πγ̃2V P0

ρωµ
〈|Mµ|2〉 tanh(β~ω/2)
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~

2ρ

16π2γ̃2V P0

1

kBT 2
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n,σ

∞
∫

0
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(
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∂k‖

)2 k‖ω
3
µ
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coth(β~ω/2)
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Low temperature expansions
Horisontal shear (h) mode:

τh,0,k‖ =
~ρc2

t

πγ̃2P0

1

Ct

coth(β~ω/2)

~ω

Symmetric (s) mode:

τs,0,k‖ =
~ρc2

t

πγ̃2P0

1

Cs

coth(β~ω/2)

~ω

Antisymmetric (a) mode:

τa,0,k‖ =
~ρc2

t

πγ̃2P0

1

Ca

coth(β~ω/2)

~ω

κ ≈ k2
Bρc2

t

4π2~γ̃2P0

T
∑

σ

3 − 2 ln(xσ,0,kc,h
)

Cσ
, xσ,0,kc,σ

≡ β~ωσ,0,kc,σ
≪ 1
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Conclusions
- We introduced a model of interaction of a TLS with general

strain fields.

- For this we associated to the TLS a direction in space,t̂, and a

matrix of coupling constants,[R] (in abbreviated subscript

notations).

- The matrix of coupling constants has the same properties as, for

example, the matrix of elastic stiffness constant,[c].

- The TLS-phonon interaction in bulk is re-obtained from our

model as an average interaction over the directions of the TLS.

- We calculated the thermal properties of amorphous, nanoscopic

membranes.

- Anisotropy of TLS-sound wave interaction appears naturally.
- We predict the polarization of the TLS ensemble in a strained
body.
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